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Preface

These expanded supporting notes are written for Module 3: Gauge Symmetry and Construction of the
Standard Model. The pedagogical goal is not only to present the main formulas of gauge theory, but
to guide the reader through the logic that connects them. The whole note is organized around a single
constructive chain:

global symmetry — local symmetry — covariant derivative — gauge field — field strength — gauge-invariant L

In the first half of the note, this chain is developed using the simplest possible example, the local U(1)
symmetry of a Dirac field. In the second half, the same logic is generalized to Yang—Mills theory and
then applied to the Standard Model gauge group and its matter content.

The note is designed to be self-contained at the level of a serious MSc student. It assumes familiarity with
the Dirac equation, relativistic notation, and the basic language of quantum mechanics and field theory,
but it does not assume that the reader has already internalized the gauge-theory viewpoint. For this reason,
several short worked examples and guided checks are included. They are not intended as formal exercises
in the textbook sense; rather, they are meant to help the reader test whether each structural step has really
been understood.

It is equally important to keep the boundaries of the module explicit. These notes develop the gauge
principle, QED as the prototype gauge theory, the Yang—Mills generalization, and the pre-electroweak-
symmetry-breaking structure of the Standard Model. They do not attempt to replace later modules on
QCD phenomenology, asymptotic freedom, confinement, or electroweak symmetry breaking. Those
topics are previewed only insofar as they help clarify why Module 3 matters.

Conventions and notation

* Metric signature: 7, = diag(1,-1,-1,-1).

Clifford algebra: {y*,y”} = 2p”.

* Chirality projectors: P = (1 —v°)/2, Pr = (1 +v°)/2.

* Abelian covariant derivative: D, = 0, —igA,.

* Non-Abelian covariant derivative: D, = 8, —igAy, with A, = AjT*.
* Hypercharge convention: Q =73 +7Y.

+ Generator normalization in the fundamental representation: Tr(T¢T?) = %6“” .
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1 Introduction and module roadmap

1.1 Why gauge symmetry is a construction principle

The Standard Model is often introduced through a chart of particles: quarks, leptons, gauge bosons, and
the Higgs boson. Such a chart is useful as a summary, but it can also be misleading pedagogically. A
chart tells us what appears in the theory, but it does not explain why the theory takes the form it does. It
does not explain why quarks come in color triplets, why weak interactions distinguish left and right, why
gauge bosons self-interact in some sectors but not in others, or why electric charge is related to weak
isospin and hypercharge by a precise algebraic rule.

The deeper viewpoint is that the Standard Model is a relativistic chiral gauge theory. Its structure is not
built by writing down all possible interactions and then discarding those that fail experimentally. Instead,
one begins with a small number of organizing principles: relativistic covariance, locality, quantum fields
carrying internal symmetry labels, and the requirement that certain symmetries be local rather than merely
global. These principles are so restrictive that they force the theory into a highly nontrivial form.

This is why gauge symmetry deserves to be called a construction principle. A global internal symmetry
may already imply a conserved quantity, but it does not yet force the introduction of a new interaction
field. A local symmetry does. Once the transformation parameter depends on spacetime, the ordinary
derivative fails to transform covariantly, and the theory can no longer be written consistently in its original
form. To repair the failure, one is compelled to introduce a gauge field and a covariant derivative. The
interaction is therefore not an optional embellishment; it is the price of local covariance.

1.2 From Module 2 to Module 3

Module 2 developed the language of relativistic fermions. There the emphasis was on how spin—% fields
are described consistently in relativistic quantum theory, how the Dirac equation is constructed, and how
chirality emerges naturally in the relativistic setting. Those ideas are indispensable preparation for the
present module, because the gauge principle does not act on abstract objects in isolation. It acts on fields
that already possess a well-defined Lorentz and spinor structure.

The conceptual question of Module 3 can therefore be stated very simply: given the relativistic matter
fields introduced in Module 2, how can one couple them to interactions in a way that respects locality
and symmetry? The answer is not to invent a coupling term directly. Instead, one searches for a more
fundamental criterion that determines what kind of coupling is allowed. That criterion is local gauge
invariance.

1.3 What this module will and will not do

This module develops in full the chain

global symmetry — local symmetry — failure of 9,
—> covariant derivative — gauge field — QED

— Yang—Mills theory — Standard Model gauge structure.

In particular, it gives detailed attention to the transition from global to local symmetry, to the construction of
the Abelian gauge theory of electrodynamics, to the minimal Lie-algebra toolkit required for non-Abelian
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symmetry, and to the pre-electroweak-symmetry-breaking structure of the Standard Model.

At the same time, the module intentionally stops short of several important later topics. It does not develop
the phenomenology of QCD in detail, nor does it attempt a full treatment of spontaneous symmetry
breaking, the Higgs mechanism, Yukawa couplings, or the physical W*, Z, and photon mass eigenstates.
Those topics belong mainly to later modules. Here the focus is on the construction of the gauge theory
itself.

1.4 Roadmap of the note

The note proceeds in four broad movements. First, we review global internal symmetry using the free
Dirac field as the simplest concrete example. This yields a conserved Noether current but no interaction
field. Second, we promote the symmetry parameter to a function of spacetime and show explicitly where
the ordinary derivative fails. This is the point at which the covariant derivative and the gauge field become
necessary.

Third, we develop the resulting Abelian gauge theory in some detail, treating QED as the prototype theory
in which the gauge principle can be seen in a complete form. Fourth, we generalize the construction to
non-Abelian gauge symmetry and then apply the Yang—Mills framework to the Standard Model gauge
group, matter multiplets, charge assignments, and gauge-sector Lagrangian before electroweak symmetry

Global Local Ordinary derivative
symmetry symmetry fails
Y
Covariant A4
QED as the Yang-Mills
Abelian prototype derivative theory
and gauge field

N

Standard Model
gauge structure
SU(3)C X SU(Z)L X U(l)y

breaking.

Figure 1: Conceptual roadmap of Module 3.

Take-home message

In this module, symmetry is not used merely to classify states or derive conservation laws. Once
promoted from a global statement to a local one, symmetry becomes the principle that forces the
introduction of gauge fields and thereby generates interactions.

2 Global internal symmetry as the starting point
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2.1 Internal symmetry versus spacetime symmetry

A relativistic field theory is constrained by spacetime symmetry from the start. Lorentz covariance tells
us how fields transform under changes of inertial frame, and the spinor, vector, and tensor structure of the
theory is fixed accordingly. Internal symmetry is different. It acts not on spacetime coordinates but on
the field components that live at a given spacetime point. The simplest example is a phase rotation of a
complex field.

For the present module, the role of global internal symmetry is twofold. First, it provides the natural
starting point from which the local theory will later be constructed. Second, it furnishes a concrete
illustration of Noether’s theorem: a continuous global symmetry implies a conserved current. This is an
important lesson in itself, but it also prepares the way for the gauge interpretation of the current coupling
in QED.

2.2 Global U(1) phase symmetry of a Dirac field

Consider the free Dirac Lagrangian
Lo =v(iy"du—my. (1)

This Lagrangian describes a relativistic spin-% field of mass m. Because i is a complex field, one may
consider the global phase transformation

l// SN w/ — eiqal//’ E N J/ _ Je—iqa, (2)
where ¢ is a real constant and « is a real parameter that is independent of spacetime.

The Lagrangian is invariant under this transformation. The reason is simple but worth checking explicitly.
Since « is constant, the derivative acts only on i :

O’ = 0, (e17y) = €199,
Substituting into the Lagrangian gives
Ly =0 ("8~ m)y’
= e iy 9, — m) (7))
= Ee_iq“(iy"eiq"aﬂdx - meiq"z//)

=y (iy"d, — m)y = L. 3)

Thus the free Dirac theory is invariant under a global U(1) rotation.
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Example 2.1: Explicit invariance check of the free Dirac Lagrangian

The invariance of L under a global phase transformation depends crucially on the fact that « is
constant. If @ depended on spacetime, then

aﬂ(eiqa(X)w) = elga(x) (aﬂ(// + iq(aﬂa)(//),

and the cancellation above would fail. This is exactly the obstruction that will force us to introduce
a gauge field in the next section.

2.3 Noether current and conserved charge

To derive the conserved current, it is convenient to work with the infinitesimal form of the transformation:
6¢ = lqa lps 6¢ = _iqa lﬁa (4)

with constant infinitesimal parameter @. The Noether current associated with a continuous symmetry is

0L — 0L
M = SY+6 —. &)
/ (0uy) vy 3(0,)
For the free Dirac Lagrangian, only ,,y appears explicitly, and
0Ly — 4 0Ly
=1 , —_— =
3G " aaw
Therefore,
J* = igyH (igay)
= —qayy'y. ©)

Up to an overall sign convention for the infinitesimal parameter, we define the conserved U(1) current as
J* = quyty. (7)

Using the Dirac equation and its adjoint, one finds
dujt = 0. ®)
The associated conserved charge is

szfw%» ©)

This current is already suggestive. It will later reappear in the interaction term of QED, where it couples
naturally to the gauge field. But at the present stage there is still no gauge field and no interaction. A
global symmetry explains a conservation law; it does not yet generate dynamics of a new interaction field.
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Example 2.2: Line-by-line derivation of the Dirac U(1) current

Starting from
Ly = %b(i’)’#au - m)y,

the only derivative dependence is through d,,4. Hence

9 (0uy) T A0u)

For 6y = igay, we obtain
JH =iy (igay) = —gayy*y.
Dropping the common infinitesimal parameter « gives
J* = quyty.

This is the conserved current associated with the global phase symmetry.

Definition 2.1: Global internal symmetry

A global internal symmetry is a transformation acting on the fields of a theory, but not on spacetime
itself, such that the transformation parameters are constant throughout spacetime and the action
remains invariant. By Noether’s theorem, such a symmetry gives rise to a conserved current and
an associated conserved charge.

Remark 2.1: What a global symmetry gives — and what it does not

A global symmetry is already physically significant. It organizes states and implies a conserved
quantity. But by itself it does not force the existence of an interaction field. It is therefore an
important starting point, but not yet the full gauge principle.

Guided checks

1. Verify directly that the mass term muy is invariant under the global transformation ¢ — €9y
2. Reproduce the derivation of j# = qyy*y using the Noether prescription.

3. Use the free Dirac equation to check explicitly that 9, j* = 0.

3 From global to local symmetry

3.1 Local phase transformations

We now ask whether the global symmetry can be strengthened. Instead of a constant phase rotation, let
the phase depend on spacetime:

Y(x) — ¢ (x) =99y (x),  Px) — P (x) = Px)e 7)., (10)

10
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At first sight, this looks like only a modest change. But it is exactly this change that transforms symmetry
from a classification tool into a dynamical principle.

A local symmetry means that different spacetime points may undergo different phase rotations. Since
derivatives compare field values at neighboring points, the derivative operator is the place where the local
nature of the transformation becomes visible. The ordinary derivative was harmless in the global theory
precisely because the phase factor was constant. Once the phase varies with position, that simplicity
disappears.

3.2 Why the ordinary derivative fails

Let us transform the derivative of the field under (10). We obtain

(9#1,0’()6) = a,u (eiqa(x)lp(x))

(0,1 ™)y (x) + €1y (x)

ig(8,a) €99y (x) + 9™ 9y (x)

=17 (9,4 +iq(d@)y) . (11)

The additional term
ig( a,u )y

is the crucial obstruction. Because of it, .,y does not transform in the same way as ¢. Therefore the
kinetic term of the free Dirac Lagrangian is no longer invariant under the local symmetry.

One can see the problem even more directly by substituting the transformed field into the kinetic term:
J’iy”(')ﬂt//' = Je_iq"i)f” el (8#1/1 + iq(aﬂa)d/)
= Yyt — q(Bue)yy*y. (12)
The extra term is proportional to the Noether current and does not cancel within the free theory.
Example 3.1: The explicit origin of the extra (d,a)y term

The local transformation produces
C')#I,[// — au(eiqa(x)l//) — eiqa(x)a’ul// + (aﬂeiqa(x))(//.

Since
aﬂeiqa(x) — iq(aﬂa)eiqa(x)’

we arrive at
B = elga(x) (3;1W + iq(a,ua’)l//)'

This term disappears only when « is constant, that is, only in the global case.

3.3 Why this failure matters physically
It is worth pausing to interpret the result. The failure of the ordinary derivative is not a nuisance that one

wishes would go away. It is the signal that the free theory is structurally incomplete if local symmetry
is to be taken seriously. Put differently: local symmetry does not merely ask us to rename the fields; it

11
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forces us to introduce a new object that compensates the extra derivative term.

This is the constructive turning point of the whole module. Once local symmetry is required, one must
modify the derivative itself. That modification introduces a new field, and that field will become the
gauge potential. In this sense, gauge theory is born not from aesthetic preference but from the insistence
that local symmetry should be meaningful.

Take-home message

The failure of the ordinary derivative under a local transformation is the decisive clue of gauge
theory. It shows that the free theory cannot realize local symmetry by itself and therefore forces the
introduction of a new field and a new derivative operator.

Guided checks
1. Starting from ¢’ (x) = el9¢X)y (x), derive (11) step by step.

2. Show explicitly that the mass term remains invariant even in the local case.

3. Verify (12) and identify the current appearing in the extra term.

4 Covariant derivative and the emergence of the gauge field

4.1 Definition of the covariant derivative

We seek a modified derivative operator that transforms covariantly under the local symmetry. Motivated
by the unwanted term in (11), we introduce a new four-vector field A, (x) and define

D, =08, —igA,. (13)

The logic of this step is fundamental. The gauge field is not introduced because one already knows
the answer from electromagnetism. It is introduced because local covariance requires a compensating
structure.

4.2 Deriving the Abelian gauge-field transformation law

We now demand that the covariant derivative act on ¢ in such a way that
D,y =e4"YD,y. (14)

Using
D}, = 0y —iqA,, Y’ =e%,

the left-hand side becomes

DLy’ = (8, —iqA}) ()
= 0, +iq(0,a)e 1My —iqA},e My

_ eiqa(a,,w +ig(Bua)y — iqA;w). (15)

12
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For this to equal the right-hand side of (14), namely
eiqa(au - iqu)‘ﬁ,
we must require
Al = Ay +0ua.

Thus the Abelian gauge field transforms as

Ay — Al = Ay + 0. (16)

4.3 Gauge covariance of D,y

Substituting (16) back into the transformed covariant derivative, one finds

DL = (0, g Ay w)
— elaa (6#1/1 + iq(@,ﬂ)l// — iq(A# + aya’)l//)

=el9(, —iqA, )y
=D . (17)

The extra term has been canceled exactly. This is the central algebraic achievement of the gauge principle
in the Abelian case.

4.4 Interpretation: why a gauge field is unavoidable

The compensation mechanism just derived is often presented as a formal trick, but it is better understood
as a structural necessity. The local symmetry transformation introduces a mismatch between neighboring
points in spacetime. The gauge field keeps track of how the phase convention changes from point to point
and corrects the derivative accordingly. In this sense the covariant derivative plays a role analogous to a
connection: it provides a rule for comparing field values at nearby spacetime points in a way compatible
with local symmetry.

Definition 4.1: Covariant derivative

Given a matter field ¢ transforming under a local symmetry, the covariant derivative is a derivative
operator D, constructed so that D ¢ transforms in the same way as ¢ itself. In the Abelian case
discussed here,

D, =0, -iqA,, Ay, — Ay +0,a.

Remark 4.1: Gauge symmetry and gauge redundancy

A gauge transformation usually does not change the underlying physical situation. It changes the
field description of that situation. In that sense, gauge symmetry is better thought of as a redundancy
of description. But it is a highly constraining redundancy: it dictates which combinations of fields
and derivatives are allowed in the Lagrangian and therefore controls the form of the interaction
theory.

13
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Take-home message

The gauge field is not introduced by guesswork. It is forced upon the theory by the requirement
that local symmetry should be realized consistently. The covariant derivative is therefore the first

concrete expression of the gauge principle.

5 QED as the prototype Abelian gauge theory

5.1 From covariance to interaction

Once the covariant derivative has been constructed, the matter part of the local gauge theory is obtained

by the minimal replacement

0y — Dy
in the free Dirac Lagrangian. This gives

Latter = w(iVﬂDu - m)lﬁ

Expanding the covariant derivative step by step,

Latter = J(i'}"a(au - iun) - m):,l/

=y (iy"0u — m)y + quy"y Ay

Thus the interaction term is

Line = +q J?’”lﬁ Ay'

If we define the current

J* = qyyty,

then the interaction can be written compactly as

Line = +j#Ay-

(18)

(19)

(20)

21

(22)

This is the first complete realization of the gauge principle. The coupling between the matter current

and the gauge field has not been invented independently. It is generated automatically when the ordinary

derivative is replaced by the covariant derivative.

14
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Example 5.1: Step-by-step expansion of y (iy*D,, — m)y

Starting from
L= lﬁ(W”Du - m)%b, D,u = a}l - iqu,

we write
iy'Dy, =iy o, + qy"'A,.

Therefore
L=y(iy" oy —my + quy YA,

The current coupling is not an extra assumption. It is the direct consequence of replacing d,, by
D,.
7]

5.2 The Abelian field strength from the commutator of covariant derivatives

The gauge field must also possess its own dynamics. In the Abelian theory these dynamics are encoded in
the field strength tensor F,, . It is pedagogically useful to derive this object from the covariant derivative
itself rather than introducing it by definition alone. Acting on a field ¥/, we compute

[D,u, D,y = (5;1 - iun)(av —igA,)y — (0, - iqu)(a,u - iqA,u)'ﬁ
= —iq (0, Ay — 0y AL)W. (23)

This motivates the definition
F,uv = 6/1AV - 6VA[1’ [Dya D,] = _inuv- (24)

In words, the field strength measures the obstruction to commuting covariant derivatives. In the Abelian
case the obstruction is entirely due to the spacetime variation of the gauge field; there is no commutator of
gauge fields because ordinary functions commute.

5.3 Gauge invariance of the Abelian field strength

Under the Abelian gauge transformation A, — A, + d,«, the field strength transforms as

F;“, = 0u(Ay + dya) — 0y (A, + dy)
= 0uA, — OyAy + 00,0 — 0,0,
= Fuy, (25)

because ordinary partial derivatives commute. The field strength is therefore gauge invariant. This
immediately justifies the gauge-field kinetic term

1
Lgauge = _ZF;WF#V- (26)

Combining matter and gauge sectors, the full QED Lagrangian is

1 _
LQED = —ZF/JVF”V + lﬁ(i’}/'uD’u - m):,b (27)

15
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5.4 An explicit unpacking of Lggp and its equations of motion

The compact form of the QED Lagrangian is pedagogically efficient, but it is useful to unpack it explicitly
and then derive its equations of motion. Starting from

1 - .
LQED = _ZF,qu'uV + lﬁ(U’”Dy - m)l//’ Dy = au - lqA/u (28)
we expand the fermion term step by step:

'ﬁ(iVﬂDu —-m)y = '75 i'yﬂ(a,u - iqA,u) —m|y

= Y (iy" 0y —mW + qUy*y A, (29)
Therefore the expanded QED Lagrangian is
1 - -
Loep = _ZF”VFW + iyt 0, —m + qyyty Ay (30)
It is useful to read this as three pieces:
1 _ . -
LoED :—ZFWF'“"+w(1y”(9#—m)¢/+ quyty A, . (31)
[ S—— [
free Dirac field matter—gauge interaction

free gauge field
We may now derive the equations of motion. Varying with respect to ¢ gives the Dirac equation in the
presence of the gauge field:

(iy*D, —m)y = 0. (32)

For the gauge field, we use the Euler—Lagrange equation

0 LgED 0 LgED
0y . =0.
0(0,A,) 0A,
The required derivatives are
9.LoED _ 0LqgED
— = Hy, ———— =—F"H. 33
aA, VY 56,4 9
Hence the gauge-field equation of motion is
O F" = —qyyy = —j. = qiyty. (34)

With the sign conventions of these notes, the source appears with a minus sign on the right-hand side
because the interaction term in the Lagrangian is + j#A . In conventions where the interaction term is
written as — j# A, the Maxwell equation is written with the opposite sign.

Taking 0, of (34) and using the antisymmetry of F#”, one immediately obtains
duj" = 0. (35)

So the gauge-field equation of motion is automatically consistent with current conservation.
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It is also worth noticing that the Abelian gauge-field equation is linear in the gauge field, because
Fyy = 04A, - 0,A,

contains no quadratic AA term. This linearity is a special feature of the Abelian theory and will contrast
with the Yang—Mills case discussed later.

Remark 5.1: A straightforward multi-species generalization

For several charged fermion species ¢ r, the expanded Abelian gauge theory takes the form
1 _ -
Loep =~ FurF*" + D sy O —mpr + D by s Ap.
f f

For the pedagogical purposes of the present module, however, the one-field form is enough to
display the gauge-theory logic cleanly.

5.5 A bridge from Maxwell theory to QED

From a historical and conceptual point of view, QED may be understood as a unification of the relativistic
Dirac field with the Maxwell field. The Maxwell field already carries the gauge redundancy

Ay — Ay + 0,0,
and the classical electromagnetic field strength is precisely
Fuy = 0,A, - 0,A,.

What the gauge principle adds is a compelling explanation for why the Maxwell field couples to the Dirac
current in the way it does. The source term in Maxwell’s equations is not inserted independently; it arises
from local covariance of the matter field. In this sense, QED is the quantum-field-theoretic completion of
the classical idea that a conserved electric current couples to the electromagnetic field.

5.6 Why the photon is massless at this stage

At the level of the Abelian gauge theory constructed here, the gauge field is massless. The reason is
structural. A term of the form

1
EmiA,,Aﬂ (36)
is not invariant under
Ay — Ay + aﬂa.

Indeed,
AyAY — (A, + 0ua) (AH + 0Ha),

which produces extra terms that do not cancel. Therefore the local U(1) symmetry forbids an explicit
mass term for the gauge field. The photon is massless in QED precisely because the local gauge symmetry
is unbroken.
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Remark 5.2: Why A, A# is forbidden

The term A, A* is Lorentz invariant, but that is not enough. In gauge theory one must satisfy both
Lorentz covariance and local gauge invariance. Since A, A is not invariant under A, — A, +d,a,
it is forbidden in the unbroken Abelian theory.

5.7 Gauge symmetry, current conservation, and physical meaning

With the convention
D, =0,-iqA,

used in these notes, the QED interaction term is written as
Line = +jﬂA;u

where
= qyuyty.

This makes the relationship between current conservation and gauge invariance especially transparent, but
the precise statement should be made carefully. For an external source coupling of the form j#A,, gauge
invariance of the action requires the source to be conserved, d,,j* = 0. In dynamical QED, however, the
matter—gauge interaction is not introduced as an arbitrary external source term,; it arises directly from the
gauge-covariant Dirac Lagrangian ¢ (iy#D,, — m)y. In that sense, local gauge invariance and current
conservation are closely related, but not in exactly the same way as for a prescribed classical source. The
conserved U(1) current that first appeared in the global symmetry analysis of Section 2 is precisely the
matter current that couples to the gauge field in the local theory.

It is also useful to keep the more conceptual viewpoint in mind. Gauge symmetry is often best thought of
as gauge redundancy. The point is not that nature is physically invariant under arbitrary changes of gauge
description in the same way that a crystal might be invariant under a geometric rotation. Rather, the field
description contains unphysical redundancy, and the redundancy constrains the admissible Lagrangian.
That is why local symmetry is so powerful even when interpreted as a redundancy.
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Local U(1) invariance

= 0, — iqA,
[ pv = a A, ] [ Line = +q(/_/’y”(//Aﬂ ]
-EQED = _‘F,qu'uV + l//(l'y#D - m)'/’

Figure 2: QED as the first complete local gauge theory.

Take-home message

QED is the prototype gauge theory because the entire gauge-theoretic logic can be seen in closed
form. The gauge field, the interaction term, and the field strength all arise because local covariance
forces the theory to be written in terms of the covariant derivative.

Guided checks

1. Expand ¢ (iy*D u — m)y carefully and recover the current coupling.
2. Derive [D,, D,] = —igF),, explicitly in the Abelian case.
3. Verify that F),, is invariant under A, — A, + 0 0.

4. Explain in one sentence why a photon mass term A, A* is forbidden before symmetry breaking.

6 Why QED is not enough: toward non-Abelian symmetry

6.1 The limitation of a single Abelian gauge factor

Quantum electrodynamics is a complete and internally consistent local gauge theory, but it is not enough
to describe the full structure of known particle interactions. The Standard Model does not consist of a
single U(1) factor. Instead, its gauge structure is

SU(3)e x SU(2)L x U(D)y,

which contains two non-Abelian factors in addition to the Abelian one. Thus the gauge principle must be
generalized beyond a single commuting phase symmetry.

The Abelian theory already teaches the core lesson: local symmetry forces the introduction of gauge fields
and interaction terms. But its simplicity depends crucially on the fact that the group elements commute.
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Once one moves to a symmetry with non-commuting generators, the theory changes qualitatively. Matter
fields naturally come in multiplets, gauge fields become Lie-algebra valued, and the gauge bosons
themselves can interact.

6.2 Groups versus algebras

A continuous symmetry group is most efficiently studied near the identity. If U € G is close to the identity,
one may write
U=¢eT" =1+iaT + 0(c?), (37)

where the 7¢ are the generators. The collection of generators together with their commutation relations
defines the Lie algebra of the group. For our purposes, the Lie algebra is the more directly useful object
because it controls infinitesimal transformations and appears explicitly in the covariant derivative.

The commutators of the generators take the form
[Ta’ Tb] — ifabCTC, (38)

where f abe gre the structure constants. If all structure constants vanish, the algebra is Abelian. If not, it is
non-Abelian. In that sense, the passage from QED to Yang—Mills theory is the passage from a commuting
algebra to a non-commuting one.

6.3 Generators, infinitesimal transformations, and representations

Suppose ¢ is a field multiplet transforming in some representation R of the group. Then an infinitesimal
transformation is written as
v =y =1 +ieTR)y, (39)

where T denotes the matrix representation of the generator on the multiplet. This already shows why
the language of representation theory is unavoidable: to know how a field transforms is to know which
matrices represent the generators on that field.

A singlet, doublet, or triplet is therefore not a decorative label. It is a statement about the dimension and
transformation law of the field under the symmetry group. This will matter enormously in the Standard
Model, where left-chiral fermions arrange themselves into weak doublets, right-chiral fermions are weak
singlets, and quarks transform as color triplets.

6.4 Fundamental and adjoint representations

Two representations are especially important for gauge theory. The first is the fundamental representation,
which is usually the one carried by the matter fields. For SU(2), the fundamental representation is
two-dimensional, and the generators are conveniently written as

T = — (40)

with 7/ the Pauli matrices. For SU(3), the fundamental representation is three-dimensional, and the

generators are commonly taken as
/la
T¢ = 5 41)
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with 19 the Gell-Mann matrices.

The second is the adjoint representation. In this representation the generators act on the Lie algebra
itself. Gauge fields live naturally in this representation because they carry a Lie-algebra index a. This is
why gluons come in an octet of color and why the weak gauge bosons form a triplet before electroweak
symmetry breaking.

6.5 A concrete SU(2) example

For SU(2), the Pauli matrices satisfy
[Ti,Tj] = 2ielVk k.
Therefore the normalized generators T' = 7/ /2 obey
[77,77] = ieV*T*. (42)

This example is pedagogically ideal because it is both familiar and nontrivial. The algebra is already
non-Abelian, so it exhibits exactly the structural difference that later appears in the weak interaction sector
of the Standard Model.

6.6 An orientation-level remark on SU(3)

The group SU(3) is structurally similar but larger. It has eight generators and therefore eight gauge bosons
in the adjoint representation. The full phenomenology of SU(3). belongs to QCD and will be studied
later, but it is useful already now to note that the color gauge sector is a direct non-Abelian generalization
of the Yang-Mills logic developed here. The fact that SU(3) is non-Abelian implies, already at the formal
level, that the gluons carry color charge and self-interact.

6.7 Why non-commutativity is physically decisive

At first sight, the difference between Abelian and non-Abelian symmetry may look like a technical matter
of whether generators commute. In reality, it is one of the most consequential structural differences in
all of gauge theory. Once the commutator of generators is nonzero, the gauge field must be treated as
Lie-algebra valued and the field strength acquires a commutator term. That term leads to self-interactions
of the gauge bosons. In other words, non-commutativity is what makes Yang—Mills theory qualitatively
richer than Maxwell theory.

Definition 6.1: Lie algebra and structure constants

Given a continuous Lie group, the generators of infinitesimal transformations satisfy commutation
relations
[Ta, Tb] — ifabCTC.

The coefficients £¢°¢ are called the structure constants. If all such commutators vanish, the group
is Abelian. If they do not, the group is non-Abelian.
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Remark 6.1: Representations are transformation rules

When we say that a field is a singlet, doublet, triplet, or more generally belongs to a certain
representation, we are specifying how the generators act on that field. This determines which
matrices appear in the covariant derivative and therefore which gauge interactions the field
experiences.

Take-home message

The move from Abelian to non-Abelian symmetry is not just the replacement of one group by another.
It introduces a qualitatively new structure: matrix-valued transformations, Lie-algebra-valued gauge
fields, and non-commuting generators whose commutator will later reappear directly in the field
strength tensor.

7 Non-Abelian gauge symmetry and Yang—-Mills theory

7.1 Matter fields in a multiplet

Let y(x) denote a column vector of fields transforming in some representation R of a Lie group G. A
local transformation acts as

Yx) = () =U@YE),  U) =@, (43)

Exactly as in the Abelian case, the ordinary derivative fails to transform covariantly once a“ depends on
spacetime. The remedy is again to introduce a covariant derivative, but now the gauge field must carry
the generator structure of the group itself.

7.2 Why a Lie-algebra-valued gauge field is natural

The local transformation acts by a matrix U(x). Therefore the compensating field must also be an object
that can live in the same internal space. This motivates the definition

Au(x) = A ()T (44)

The gauge field is thus not a single ordinary vector field but a Lie-algebra-valued one. This is a natural
generalization of the Abelian case: in U(1), the single generator is effectively just a number, so one can
suppress the matrix structure. In a non-Abelian theory the generator structure is essential and cannot be
hidden.

7.3 Non-Abelian covariant derivative

The covariant derivative is defined by
D, =0,-igA,, (45)

where A, = A7 T“. The defining covariance condition is

D,y =U(Du). (46)
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This is the exact non-Abelian analog of the Abelian requirement that D i transform in the same way as
Y itself.

7.4 Gauge transformation law of the non-Abelian gauge field

Demanding (46) fixes the transformation law of the gauge field. Starting from
(8# - igA;;)UW = U(a,u - igAu)lﬁ,

and rearranging, one obtains

Al =UAU ™ + é(@MU)U_l. (47)

This formula is already much richer than the Abelian one because the gauge field appears on both sides
multiplied by the group element. For infinitesimal transformations, writing

U=1+ia+ O(afz), a =a’T?,

one finds
0Ayu = 0pa —ig [Au a]. (48)

In component form this becomes

SAL = Oy + g f*Pa AL, (49)

7.5 Field strength from the commutator [D,, D, |

The field strength is once again derived from the commutator of covariant derivatives:

[D;u D,] = [a/l - igA,u’ 0, —igAy]
= —ig(uA, — 0 A,) — &2 [Au AV . (50)

This motivates the definition
F,uv = a;1141/_81/14,11 —ig [A,uaAv] > [D;uDv] = _igF;lv' (51

This is the central formula of Yang—Mills theory. Compared with the Abelian case, the new term is the
commutator of the gauge fields themselves.

7.6 Component form of the field strength

To make the structure constants visible, substitute A, = A/‘jT“ into (51):

Fpuy = (0,A% - 0,A%) T —igASAL [T, T"]
= (0, A% — 0y AL)T“ + gAL AL fabeTe. (52)

Relabeling the Lie-algebra index, we obtain

Fl, = 0,A% — 0,A% + g f*P° AL AS. (53)
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This is the form in which the Yang—Mills field strength most often appears in applications. Unlike the
Abelian field strength, the non-Abelian field strength is not itself gauge invariant. Rather, it transforms
covariantly:

F, =UF,U™". (54)

For an infinitesimal transformation U = 1 + i + O(a?), one correspondingly has
0F,, =ila, Fyu,]. (55)

This is why gauge-invariant quantities in Yang—Mills theory are built from traces such as Tr(Fy, F*”),
rather than from the matrix-valued field strength itself.

Example 7.1: Deriving the component form of £,

Using
Ay = AT, [T T"] =if*"°T,

we find
_1g [A/,[, Av] = —lgAer [Ta’Tb] — gAerfabCTC.

Combining this with ,A, — 0, A, yields

Ff, = 0,A% - 8,A% +g fab"AZAf,".

7.7 A side-by-side Abelian versus non-Abelian comparison

It is useful to pause and compare the two structures explicitly:
Abelian: D, =0, —igA,, Fuy = 0,A, —0,A,,
Non-Abelian: D, =0, —igA,,  Fuy = 0uAy — 0yA, —ig [Au Ay .

The difference lies entirely in the commutator. In the Abelian case, the gauge field behaves like an
ordinary field and the field strength is linear in A,,. In the non-Abelian case, the non-commuting generator
structure produces a term quadratic in the gauge fields.

7.8 Yang-Mills Lagrangian and self-interactions

The gauge kinetic term of the non-Abelian theory is the Yang—Mills Lagrangian,

1

1
Ly = - Fi,F4 = —ETr(FuVF”V). (56)

Substituting (53) into this expression yields schematically
Lym ~ (0A)* + g(0A)AA + g>AAAA.

The first term describes propagation, while the second and third describe triple and quartic gauge-boson
interactions. This is the key qualitative difference between Abelian and non-Abelian gauge theory: the
gauge bosons themselves carry the charge of the symmetry and therefore interact with one another.
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7.9 A worked SU(2) example

For SU(2), the structure constants are f'/K = €2/ The field strength is therefore
Wi, = 0, WL — 0,W', + geFwiwE. (57)

This is exactly the structure that later appears in the electroweak sector of the Standard Model before
symmetry breaking. Even before one studies the physical W* and Z bosons, the Yang—-Mills structure
already tells us that the weak gauge fields cannot behave like three independent copies of electrodynamics.
Their non-Abelian symmetry ties them together and introduces self-interactions.

7.10 Why this prepares the way for QCD and electroweak theory

The Yang—Mills construction is the bridge between the abstract gauge principle and the actual Standard
Model. The strong interaction sector is a Yang—Mills theory based on SU(3)., while the weak sector
before symmetry breaking is a Yang—Mills theory based on SU(2)r. Thus the conceptual work done here
is not an optional mathematical interlude. It is precisely what allows the Standard Model gauge structure
to be written down coherently.

W, Wi Wi

Figure 3: Triple and quartic gauge-boson self-interactions in a non-Abelian gauge theory.

Take-home message

The gauge principle survives the move from Abelian to non-Abelian symmetry, but the theory
changes qualitatively. The gauge field becomes Lie-algebra valued, the field strength acquires a
commutator term, and the gauge bosons themselves necessarily self-interact.

Guided checks
1. Starting from A, = AZT“, derive the component form (53).

2. Compare the Abelian and non-Abelian field strengths and identify the precise new term.
3. For SU(2), verify (42) using the Pauli matrices.

4. Explain why the presence of the commutator term implies gauge-boson self-interactions.
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8 From Yang-Mills theory to the Standard Model gauge structure

8.1 The guiding equation of the Standard Model

Having developed the general framework of local gauge theory, we can now specialize to the Standard
Model. Its gauge sector is organized by the direct-product group

Gsm = SU(3)c x SU(2)L x U(1)y. (58)

This compact equation is one of the central organizing formulas of modern particle physics. It says that
the Standard Model is built from three local symmetry factors rather than from a single unified gauge
field. Each factor contributes a different part of the observed interaction structure.

8.2 Physical meaning of the three gauge factors

The factor SU(3).. is the gauge symmetry of color. It acts on quarks and is associated with eight gauge
bosons, the gluons. The factor SU(2), is weak isospin. It acts nontrivially on left-chiral fermion doublets
and is associated with three gauge fields. The factor U(1)y is weak hypercharge, an Abelian symmetry
that acts through the hypercharge number Y carried by each field.

At this stage it is essential to remember that the Standard Model U (1) factor is not yet electromagnetism.
Electromagnetism emerges only after electroweak symmetry breaking as the unbroken combination of
neutral electroweak gauge fields. In the present module we work in the unbroken phase, where the relevant
gauge fields are G¢, WL, and B,,.

Remark 8.1: Hypercharge is not yet electromagnetism

The U(1) factor in the Standard Model is U(1)y, not yet the observed electromagnetic U(1). The
photon appears only after electroweak symmetry breaking. Module 3 therefore focuses on the
gauge structure before that breaking occurs.

[ SU(3). x SUQ2)L x U(1)y

Y

SUG). SUQ)L h léfcll)lleir e
color gauge field G¢ weak gauge fields W/, P g
. # i # gauge field B,
coupling g, coupling g

coupling g’

Figure 4: Gauge structure of the Standard Model before electroweak symmetry breaking.

Take-home message
The equation SU(3). x SU(2), x U(1)y is not a mnemonic label for the Standard Model. It is the
compact structural statement from which the broad pattern of gauge interactions follows.
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8.3 Direct-product structure and independent couplings

Each gauge factor comes with its own gauge field and its own coupling constant:
Gy (a=1,....8), W, (i=1,2,3), B,

with couplings

7’

8s>» 8> § -

A matter field may couple to one, two, or all three sectors depending on which representations it carries.
This is one of the cleanest ways to see that the interaction pattern of the Standard Model is encoded in
representation theory.

9 Matter content of one Standard Model generation

9.1 Why one generation is the right pedagogical starting point

The Standard Model contains three generations of quarks and leptons, but from the viewpoint of gauge
symmetry all three generations follow the same representation pattern. Their masses and flavor mixing
differ, but their gauge transformation properties do not. A single generation therefore already reveals the
structure that matters for Module 3.

9.2 Left-chiral weak doublets

The left-chiral quarks of one generation are grouped into the weak doublet

ury,
= , 59
oL (dL) (59)

while the left-chiral leptons are grouped into
L= (VL) . (60)
er

These are weak doublets because SU(2) acts nontrivially on them. The quark doublet also carries color
and is therefore a triplet under SU(3).. The lepton doublet is color neutral.

9.3 Right-chiral weak singlets

The right-chiral fermions do not form weak doublets in the Standard Model. Instead, they appear as weak
singlets:

In the minimal Standard Model, the right-chiral weak singlets are ug, dg, and er, while vg is absent.

The absence of a right-chiral neutrino in the minimal version of the Standard Model is itself a structural
statement about field content, though extended models often include such a field. For the purposes of
Module 3 we keep the minimal assignment.
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9.4 One-generation representation table

Using the hypercharge convention Q = 73 + Y, one generation of Standard Model fermions may be
summarized as follows:

Table 1: One-generation fermion content of the Standard Model.

Field Explicit form SU(3). SU2),., Y
ur, 1

Q L ( dL ) 3 2 6

L (VL ) 1 2 - %
erL

UR up-type quark singlet 3 1 %

dr down-type quark singlet 3 1 - %

eR charged-lepton singlet 1 1 -1

In the compact notation commonly used in particle theory, the one-generation assignments are often

summarized as
Or:(3,2)156 Lr:(1,2)_1,

UR : (3’ 1)2/3’ dR . (37 1)—1/3a
€R . (1, 1)_1.

In the minimal Standard Model no right-handed neutrino is included, although such a field is often added
in extensions of the theory. The repeated pattern across the three generations means that, for the purposes
of gauge symmetry, one generation is enough to exhibit the full interaction structure.

9.5 Chirality and the electroweak pattern

The electroweak sector is chiral because left- and right-chiral fermions transform differently under the
gauge group. Chirality is defined through the projectors

so that ;= Py and ¥ g = Pry. In the massless limit, chirality coincides with helicity, but conceptually
the two notions are distinct. For the Standard Model, the crucial fact is that the gauge representation
depends on chirality: Q; and L; are weak doublets, whereas ug, dg, and er are weak singlets.

This left-right asymmetry is not cosmetic. It is one of the defining reasons why the Standard Model is a
chiral gauge theory and why weak interactions violate parity.

Definition 9.1: Chiral gauge theory

A gauge theory is called chiral if left- and right-chiral fermion fields transform differently under
the gauge group. The Standard Model is chiral because SU(2), acts nontrivially only on left-chiral
fermion doublets, while the right-chiral fermions are weak singlets.
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Remark 9.1: Representations determine interactions

The assignments (3,2);/6, (1,2)_1/2, and so on are not bookkeeping labels. They specify how
each field transforms and therefore determine which gauge fields appear in its covariant derivative.
In this sense, the representation content already contains the interaction structure.

Take-home message

A single Standard Model generation already exhibits the essential structure of the theory: color dis-
tinguishes quarks from leptons, weak isospin organizes left-chiral doublets, and chirality determines
which fields participate in the nontrivial electroweak gauge interaction.

10 Hypercharge, weak isospin, and electric charge

10.1 The charge operator

The observed electric charges of quarks and leptons are not assigned independently field by field. In the
Standard Model they arise from the relation

Q0=Ts+7Y. (61)

Here T is the third generator of SU(2), and Y is the weak hypercharge. For a weak doublet, T3 acts as

1
Ty = (*2 01), (62)

2

whereas for a weak singlet one has 73 = 0.

10.2 Lepton-sector charge assignments

For the lepton doublet

LL = (VL) s Y(LL) = _%a
€L

we obtain
Qvp)=+3-1=0, Qer)=-1-1=-1 (63)

For the right-chiral charged lepton, which is a weak singlet, 73 = 0, so

Q(er) =0+ (-1) =-1. (64)

10.3 Quark-sector charge assignments

For the quark doublet
ur, 1
= Y = —
Or (dL) , (Qr) ¢
we find _ | |
_ .1 _ __1 _
Q(ML)—+§+6—§, Q(dL)——§+6——§~ (65)
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For the right-chiral singlets, 73 = 0, so

Qur) =3, Qdr)= 3. (66)

Example 10.1: Explicit one-generation charge checks

Using Q = T3 + Y, the electric charges of one Standard Model generation are

Q(vr) =0, Q(er) = Q(er) = -1,

0) = QuR) =5, Q(dr) = O(dr) = 5.

Thus the familiar charges of leptons and quarks emerge directly from weak isospin and hypercharge.

Table 2: Charge checks for one Standard Model generation using Q =73 + Y.

Fieldl 73, Y Q=Ts+Y
VL +% —% 0
e -1 1
€R 0 -1 -1
w b3

1 1 1
S B
urR 0 3 3
R

10.4 Why these quantum numbers are not arbitrary

The hypercharges in the Standard Model may look strange at first sight, especially the fractional values
carried by the quarks. But one of the main lessons of the theory is that these numbers are not decorative.
They are chosen so that the electric charges come out correctly, the chiral structure of the electroweak
sector works consistently, and the quantum theory remains anomaly free. The exact anomaly-cancellation
story lies beyond the main scope of this module, but the message already belongs here: the quantum
numbers are constrained by structure and consistency.

Take-home message

The familiar electric charges of quarks and leptons are not independent input data. In the Standard
Model they arise from the algebraic relation Q = T3 + Y once the gauge representations and
hypercharges are fixed.

Guided checks
1. Reproduce the charge of u; and dy, using (61).

2. Check that left- and right-chiral charged leptons have the same electric charge even though they
transform differently under SU(2);.

3. Explain why the weak-isospin generator 73 vanishes on a weak singlet.
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11 Gauge interactions of Standard Model fields

11.1 The Standard Model covariant derivative

The full Standard Model covariant derivative is obtained by applying the general gauge-theory logic to
each factor of the direct-product group

Gsm = SU@3) xSU(2)L x U(1)y.
Each gauge factor contributes its own connection term:

* SU(3). contributes the color gauge field Gj; with coupling g,
e SU(2)r contributes the weak gauge fields WL with coupling g,

* U(1)y contributes the Abelian hypercharge gauge field B,, with coupling g’.

In the unbroken phase, the Standard Model covariant derivative takes the form

i
Dy = 8, —ig,GoT* - igW;l% —ig'YB,,. (67)

Here T¢ denotes the SU(3).. generators acting on color indices, while 7/ /2 are the SU(2);, generators in
the weak-doublet representation. For the Abelian factor U(1)y, the generator acts simply by multiplication
by the hypercharge number Y carried by the field.

Therefore the full covariant derivative is the ordinary derivative plus one gauge contribution for each local
symmetry factor. In that sense, the Standard Model covariant derivative is not guessed independently: it
is the direct-product version of the Abelian and Yang—Mills constructions developed earlier. This one
formula contains the entire gauge interaction structure of the Standard Model at the kinetic level. But its
interpretation depends on the field to which it is applied.

11.2 Field-by-field application: quark sector

Before writing the explicit covariant derivative, it is worth reading the representation label carefully. The
assignment

Or:(3,2)16

means that Qy is:

« atriplet of SU(3)., so the color generators T¢ act nontrivially;
* a doublet of SU(2),, so the weak generators are T; = 7'/2;

* afield of hypercharge Y = 1/6, so the Abelian U(1)y term is proportional to 1/6.

This is why all three gauge terms appear in D, Q..

For the left-chiral quark doublet Q; : (3,2);/6, all three gauge sectors act nontrivially. Its covariant
derivative is )
. N L |
D0 =0, - 1gSGZTa - 1gWLE —ig EB” Or. (68)
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The right-chiral quark singlets are weak singlets but still carry color and hypercharge:

2

D g = (aﬂ ~ig,GaT - ig'gB#) ug, (69)
1

D,udR = ((9H - igsGZTa + lglgB#) dg. (70)

The logic for the right-chiral quark singlets is parallel, but simpler. The assignments
ug : (3,1)23, dr : (3, 1)_13

say that these fields are still color triplets and therefore still couple to the gluons, but they are weak singlets
and therefore carry no nontrivial SU(2);, generators. That is why the WLTi /2 term is absent from (69)
and (70), while the SU(3). and U(1)y terms remain. The quark sector therefore couples to color, weak
isospin, and hypercharge, but the SU(2);, coupling is present only for the left-chiral doublet.

It is also useful to see explicitly how the gauge interactions arise from the kinetic term. For the left-chiral
quark doublet,

- - _ _ i /1 _
QLiv!D,Qr = QLiv" 0,01 + g0y G T0L +gQL7MWLEQL +8 EQLV”BuQL- (71)

The first term is the free kinetic term, while the remaining terms are the gauge interactions with gluons,
weak gauge bosons, and the hypercharge gauge field. Thus the interaction terms are not added by hand:
they are generated automatically once d,, is replaced by D,,.

11.3 Field-by-field application: lepton sector
The lepton assignments should be read in exactly the same way. The label

Ly :(1,2)_1p

means that Lj, is a color singlet, a weak doublet, and has hypercharge —1/2. Because it is a singlet of
SU(3)., the color generators vanish on it. By contrast, the label

er - (1,1)_
means that eg is both a color singlet and a weak singlet, but still carries nonzero hypercharge.
For the left-chiral lepton doublet Ly, : (1,2)_1 /2, the color generators vanish, so one finds
DyLp = |0, - ing,T—i + ig’lBﬂ L. (72)
2 2
For the right-chiral charged lepton,
Dyer = (0, +ig'By)er. (73)

The right-chiral charged lepton is particularly instructive. Since eg is a weak singlet, the SU(2),
generators act trivially on it, so there is no term involving WLTi /2 in (73). Since it is also color neutral,
there is no gluon term either. What remains is only the ordinary derivative and the Abelian hypercharge
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contribution. Again the pattern is clear: the left-chiral lepton doublet feels the weak-isospin interaction,
but the right-chiral charged lepton does not. Both, however, couple to hypercharge in the unbroken theory.

11.4 Higgs as a gauge multiplet before symmetry breaking

Even before one discusses spontaneous symmetry breaking, the Higgs field is already part of the
gauge-theory field content. In the Standard Model it transforms as

H+
H = (HO) , H: (1,2)1/2. (74)
The assignment
H:(1,2)

means that the Higgs field is color neutral, transforms as a weak doublet, and carries hypercharge 1/2.
Using the convention Q = 73 + Y, one can already check the electric charges of its two components:

o1 o__1 1_
Q(H)_+2+2_+1, Q(H") = 2+2_0. (75)

This assignment is also the one needed for the Higgs field to participate in gauge-invariant Yukawa
couplings to charged fermions in the full Standard Model. The detailed Yukawa construction belongs
later, but it is useful already now to note that the Higgs quantum numbers are not decorative: they are
tightly linked to the electroweak structure of the theory. So the notation H* and H" is already fixed by
weak isospin and hypercharge, even before electroweak symmetry breaking is discussed.

Its covariant derivative is therefore

i 1
D,H =8, - igWL% ~ig' 3By | H. (76)

At the present stage this simply tells us that the Higgs field is an electroweak doublet carrying hypercharge.
The dynamical consequences of its vacuum expectation value belong later.

Example 11.1: Applying D, explicitly to representative multiplets

For the left-chiral quark doublet,

i

. I L |
D01 = (8ﬂ —1gSGZTa - 1gWLE —ig EB”) Or.

For the left-chiral lepton doublet,
i

- .1
D/JLL = (('),u —lgW'uE +1g EBIJ) LL.

For the right-chiral charged lepton,
Dyer = (0, +ig'By)er.

These formulas make visible, field by field, which gauge sectors are active.
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11.5 Physical interpretation of the gauge couplings

At this point it is important to avoid a common first misunderstanding. The fact that the Standard Model
has one general structural formula for D, does not mean that all gauge bosons couple to all fields. Which
terms survive in the covariant derivative depends entirely on the representation carried by the field. The
gauge group is universal; the active couplings are representation dependent. Equation (67) answers a
basic physical question in a very economical way: which Standard Model fields couple to which gauge
bosons? The answer is immediate from the representations.

* Only quarks couple to the gluons, because only quarks carry color.
¢ Only left-chiral doublets couple nontrivially to the weak SU(2); gauge fields.

* All fields with nonzero hypercharge couple to B,,.
A useful comparison is:

* O :(3,2)1/6 couples to gluons, weak gauge bosons, and B,;

e Lz :(1,2)_12 couples to weak gauge bosons and B,,, but not to gluons;

* eg : (1,1)_; couples only to B,,.
This side-by-side comparison makes visible how the representation labels directly determine which pieces
of the full Standard Model gauge structure act on a given field.

Thus the gauge interaction pattern is not tabulated by hand. It is encoded in the covariant derivative once
the field content is known.

Remark 11.1: The same D, does not act identically on every field

The covariant derivative has one general structural form, but the actual matrices appearing in
it depend on the representation of the field. For a color singlet, the SU(3), generators vanish.
For a weak singlet, the SU(2),, generators vanish. For a field with hypercharge Y, the Abelian
term is simply proportional to that number. Representation theory therefore determines the gauge
couplings field by field.

Take-home message

The Standard Model covariant derivative packages the entire gauge interaction structure of the theory.
Once the gauge group and the representations of the matter fields are known, the couplings to gluons,
weak gauge bosons, and hypercharge follow directly.

Guided checks

1. Explain why there is no color term in (72).
2. Explain why there is no weak-isospin term in (69), (70), and (73).

3. Identify which gauge fields couple to the Higgs doublet in the unbroken phase.
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12 The gauge-sector Lagrangian of the Standard Model before symmetry
breaking

12.1 Gauge kinetic terms

Each factor of the Standard Model gauge group contributes its own gauge-field kinetic term. For the
Abelian hypercharge sector,
1

Ly = —ZB”,,B‘“’, By, =0,B, - 0,B,. a7

The gauge kinetic sector is not guessed independently. It is inherited factor by factor from the general
gauge-theory structures derived earlier in the note. The Abelian U (1)y factor contributes the Maxwell-like
field strength B,,,, while the non-Abelian SU(2); and SU(3). factors contribute Yang-Mills field
strengths containing quadratic gauge-field terms. The Standard Model gauge kinetic sector is therefore
the direct-product sum of one Abelian and two non-Abelian pieces.

For the weak sector,

1

Lw==Swi Wi, = 0, -0, w + e, 9
For the color sector,
1
Lo =-3GG™, Gy =065 ~0,Gj+ 8. /"G, G, 2

The structural difference between the Abelian and non-Abelian sectors is now visible in the field strengths
themselves. The Abelian tensor B, is linear in the gauge field because U(1)y has commuting generators.
By contrast, W,f”, and G, contain terms quadratic in the gauge fields because SU(2)., and SU(3). are
Yang—Mills theories. When substituted into Ly and Lg, these quadratic pieces generate cubic and
quartic gauge-boson self-interactions. These terms show already that the non-Abelian sectors contain
self-interactions of the gauge fields, while the Abelian hypercharge sector does not.

12.2 Fermion kinetic terms with covariant derivatives

For one generation, the fermion kinetic sector is

Ltermion = Qriy*D,Qr + iigiy* D yug + driy* D ,dg
+ ELiy”D#LL + e_Riy”D,,eR. (80)

Conceptually, the fermion kinetic sector is obtained by taking the free relativistic kinetic term for each
matter field and replacing the ordinary derivative by the gauge-covariant derivative. This is the Standard
Model realization of the same gauge-principle step already seen in QED and Yang—Mills theory: once local
gauge invariance is imposed, the kinetic terms automatically generate the admissible gauge interactions.
For example, the quark-doublet kinetic term expands as

- . _ _ R /1 _
Qriv'DyuQr = QLiv" 0,01 + 8sQLy"GT QL + gQLYﬂWLEQL +g EQL'YﬂBuQL- (81)
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This makes explicit how the kinetic term contains both the free propagation piece and the gauge interaction
terms.

For the full Standard Model, one sums this structure over the three generations. The crucial point for
Module 3 is not flavor yet, but the gauge-covariant form of the kinetic terms.

12.3 The Higgs field as part of the pre-EWSB gauge theory

The Higgs field enters the gauge theory before symmetry breaking simply as another matter multiplet
with electroweak quantum numbers. Its kinetic term is

Ly = (D, H) (DH). (82)
At a schematic level, substituting the electroweak covariant derivative into Ly gives
(D,H)"(D*H) = (8,H)" (6" H) + terms linear in W/, and B,, + terms quadratic in W}, and B,,. (83)

So even in the unbroken theory, the Higgs field is not an isolated scalar added later for mass generation. It
is already an electroweak matter multiplet that transforms under SU(2); x U(1)y and therefore already
participates in the gauge dynamics. The first term is the free Higgs kinetic term, while the additional terms
show that the Higgs field already interacts with the electroweak gauge bosons before symmetry breaking is
discussed. Thus, even before one studies the Higgs mechanism, the Higgs field already belongs naturally
to the gauge-theory field content and participates in the electroweak covariant derivative.

12.4 What is already fixed before electroweak symmetry breaking
Collecting the gauge kinetic terms, fermion kinetic terms, and Higgs kinetic term, one may write the
gauge-invariant Standard Model Lagrangian before symmetry breaking schematically as

1 1

Co 1
Légl\zil[uge phase) = _ZGZvGa#V - ZWLVW”JV - ZB/JVBMV + -Lfermion + (D;JH)T(DMH) +eee (84)

The phrase before electroweak symmetry breaking should be interpreted carefully. At this stage, the local
gauge group, the field content, the representation assignments, and the gauge-covariant kinetic terms
are already fixed. What has not yet been specified is the symmetry-breaking vacuum and the resulting
reorganization into physical massive and massless gauge-boson combinations. In other words, the gauge
architecture is already in place; the later Higgs mechanism changes the vacuum structure and the physical
interpretation of part of that gauge sector. The ellipsis denotes terms such as the Higgs potential and the
Yukawa couplings, whose full role becomes clear only when spontaneous symmetry breaking is studied.

Nevertheless, a large part of the Standard Model is already fixed at this stage:

* the gauge group,

* the gauge fields,

* the field strengths,

¢ the matter multiplets,

¢ the covariant derivatives,
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* and the kinetic gauge interactions.

This is why it is correct to say that the Standard Model is already highly constrained before one even
begins to discuss masses and mixing.

Remark 12.1: What is fixed before symmetry breaking

Even before the Higgs mechanism is invoked, the Standard Model already possesses a rigid
gauge-theoretic architecture. The local symmetry group, the field content, the representation
assignments, and the gauge-covariant kinetic terms are fixed. Electroweak symmetry breaking
later changes the vacuum and the interpretation of the neutral gauge fields, but it does not create
the gauge structure from scratch.

Take-home message
The Standard Model before electroweak symmetry breaking is already a tightly constrained chiral
gauge theory. The later Higgs mechanism acts on an interaction structure that is already in place.

Guided checks
1. Identify which terms in (84) come from Abelian gauge theory and which from non-Abelian
Yang—Mills theory.

2. Explain why the Higgs kinetic term belongs naturally in a gauge-theory discussion even before
symmetry breaking is studied.

3. List three structural ingredients of the Standard Model that are already fixed before the Higgs
mechanism enters.

13 Why the Standard Model is constrained rather than arbitrary

13.1 Interactions follow from symmetry rather than from guesswork

The Standard Model is not built by first listing particles and then writing down plausible interaction terms
one by one. Instead, once the gauge group SU(3). x SU(2) x U(1)y is specified and the matter fields
are assigned to definite representations, a large part of the interaction structure is already determined. The
logic can be summarized compactly:

* a global internal symmetry gives a conserved current,

» promoting it to a local symmetry makes the ordinary derivative fail,

e restoring covariance forces the introduction of gauge fields,

* the representation of each matter field determines which gauge fields act on it,

* the gauge-covariant kinetic terms then generate the admissible gauge interactions.

Thus the interaction structure is not guessed; it is constructed.
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13.2 Representations determine couplings

One of the most economical features of the Standard Model is that the pattern of interactions is encoded in
the representation content. Quarks couple to gluons because they carry color; leptons do not because they
are color singlets. Left-chiral weak doublets couple nontrivially to SU(2);, whereas right-chiral weak
singlets do not. Fields with nonzero hypercharge couple to B, while fields with vanishing hypercharge
would not.

What initially looks like a complicated table of fields and couplings is therefore the visible expression of a
smaller number of structural inputs: gauge group, representation assignments, and local invariance.

13.3 Non-Abelian symmetry adds further rigidity

The Standard Model is even more constrained than QED because two of its gauge factors are non-Abelian.
The commutator term in the Yang—Mills field strength forces gauge-boson self-interactions and thereby
makes the gauge sector itself richer than in the Abelian case. This is already true at the formal level,
before any phenomenology is discussed.

13.4 Chirality sharpens the electroweak structure

The electroweak sector is a chiral gauge theory. This left-right asymmetry is not a small technical detail
but one of the most rigid features of the Standard Model. It explains why weak interactions violate parity
and why naive fermion mass terms are not gauge invariant before symmetry breaking.

Remark 13.1: A preview of the mass problem

A fermion mass term couples left- and right-chiral components. In the Standard Model these
components do not transform identically under SU(2); x U(1)y. As a result, a naive mass term
would spoil gauge invariance in the unbroken phase. This is one of the deep reasons why the Higgs
field is needed, and it is the natural bridge to Module 5.

13.5 A brief advanced remark on consistency and anomalies

There is a further sense in which the Standard Model is constrained. In a chiral gauge theory, quantum
effects may generate anomalies. If gauge anomalies failed to cancel, the quantum theory would be
inconsistent. The hypercharges and representation assignments of the Standard Model are therefore
not arbitrary decorations. They form a delicate pattern that allows the potentially dangerous quantum
contributions to cancel.

A full derivation of anomaly cancellation lies beyond the main scope of Module 3, but the conceptual
lesson belongs here: the Standard Model is constrained not only by classical local symmetry but also by

quantum consistency.
Remark 13.2: Anomaly cancellation as a structural clue

The fractional hypercharges of the Standard Model may look puzzling at first sight, but they are
part of a tightly coordinated pattern. Their role is not only to reproduce the observed electric
charges through Q = T3 + Y, but also to keep the quantum theory consistent.
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Take-home message

The Standard Model is constrained at several levels simultaneously: local symmetry fixes the form
of gauge interactions, representations determine which fields couple to which sectors, non-Abelian
structure forces gauge-boson self-interactions, and quantum consistency places further restrictions
on the matter content and hypercharges.

14 Bridge to the later modules

14.1 From gauge structure to strong-interaction physics: Module 4

In the present module, SU(3). has appeared as one factor in the Standard Model gauge group and the
gluon fields have been introduced through the non-Abelian covariant derivative and field strength. But this
is only the structural beginning of the strong interaction. Module 4 develops what the SU(3). Yang-Mills
theory actually does physically: asymptotic freedom, running coupling, confinement, hadrons, and jet
physics.

14.2 From gauge symmetry to mass generation: Module 5

The electroweak sector has also been constructed here only in its unbroken gauge form. We have introduced
SU(2)r, x U(1)y, the gauge fields WL and By, the fermion multiplets, and the Higgs doublet as a gauge
multiplet. But we have not yet answered how the W and Z bosons acquire mass while preserving the
gauge structure of the theory. That question belongs to Module 5 and is addressed through spontaneous
symmetry breaking and the Higgs mechanism.

14.3 From the Lagrangian to observables: Module 6

A theory becomes physics when it is connected to measurable quantities. Module 3 is intentionally
structural: it emphasizes the logic of the gauge construction. Module 6 will translate that structure into
Feynman rules, amplitudes, decay widths, and cross sections. Thus the formal work done here is not an
abstract detour; it is the foundation of the later phenomenological machinery.

Module 3
Gauge construction

Y

Module 4 Module 5 Module 6
QCD and strong- Symmetry breaking Amplitudes, de-
interaction physics and Higgs sector cays, cross sections

Figure 5: Conceptual bridge from Module 3 to the later modules of the course.
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Take-home message

Module 3 constructs the gauge-theoretic framework of the Standard Model. Module 4 turns SU(3).
into QCD physics. Module 5 explains how electroweak symmetry breaking produces the observed
mass pattern. Module 6 translates the Lagrangian into measurable amplitudes and observables.

15 Final summary and conceptual map

15.1 The logical chain of the module

The central thread running through the module can now be restated in its full form:

global symmetry — local symmetry — failure of d,, — covariant derivative

— gauge field — field strength — gauge-invariant Lagrangian.
and then, by generalization,

QED — Yang-Mills theory — Standard Model gauge structure

— matter multiplets — charge assignments — pre-EWSB gauge Lagrangian.

If this chain is understood as one connected argument, then the main conceptual goal of the module has
been achieved.

15.2 The Standard Model is not a particle catalogue

A particle chart is useful, but it hides the deepest pedagogical lesson of the Standard Model. The theory
is best understood not as “particles plus forces” but as a relativistic chiral gauge theory with a specific
local symmetry group, specific matter representations, and a tightly constrained interaction structure. The
particle content is the visible surface of a deeper gauge-theoretic organization.

15.3 What the student should now be able to see

After completing this module, a student should be able to see the following statements as parts of one
coherent picture rather than disconnected facts:

* local symmetry requires gauge fields,

* QED is the simplest complete gauge theory,

* non-Abelian symmetry forces gauge-boson self-interactions,

* the Standard Model gauge group determines the broad pattern of interactions,
¢ the matter multiplets encode the coupling structure,

* electric charge emerges from Q =73 + 7Y,

* chirality is central to the electroweak sector.
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Take-home message

The Standard Model is not best understood as a list of particles and forces. It is best understood
as a relativistic chiral gauge theory whose local symmetry group, field content, and representation
structure tightly constrain the form of the interactions. Module 3 is the stage of the course where
that logic becomes visible.

A Conventions summary

For quick reference, the main conventions used in these notes are:
* Ny = diag(l,-1,-1,-1),
« vy =291,

PL=(1-9%)/2,Pr = (1 +7°)/2,

* Abelian case: D, = 0, —igA,,
* Non-Abelian case: D, = d, —igA,, with A, = AZT“,

* Hypercharge convention: Q =73 +7,

Standard Model gauge group: Gsm = SU(3). x SU(2)r x U(1)y.

B One-generation field table

Field SUB3). SUQ2), Y
oL 3 2 §
Ly 1 2 -1
UR 3 1 z
dg 3 1 -1
(24 1 1 -1
H 1 2 i

C Guided-check summary

For convenience, the main guided checks of the note are collected conceptually here:

« verify the invariance of the free Dirac Lagrangian under global U(1),
¢ derive the Noether current and continuity equation,

* check the transformation of d, under local U(1),

verify the Abelian field-strength transformation,

* derive the non-Abelian field strength from the commutator [D, D, ],
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* reproduce the one-generation charge assignments from Q =73 + Y,

* identify which gauge sectors couple to each Standard Model multiplet.
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